Abstract. This article concerns the formation of finite-time singularities in solutions to quasilinear hyperbolic systems with small initial data. By constructing a special test function, we first present a simpler proof of the main result in [17] : the global classical solution is non-existent for compressible Euler equation even for some small initial data. Then we apply this approach to nonlinear elastodynamics and magnetohydrodynamics, showing that the classical solutions to these equations can still blow up in finite time even if the initial data is small enough.
Introduction
The Cauchy problem of quasilinear hyperbolic systems plays an important role in modern PDEs since many physical phenomena can be described by these systems, the Euler equations for ideal fluid, elastodynamics for elastic material and magnetohydrodynamics are all typical examples. Because singularity is fairly common for these systems, sometimes it is infeasible to find a global regular solution even though the initial data is smooth and small enough. As a consequence, the study of formation of singularities becomes a significant part of this area.
The general one-dimensional theory [6, 8, 9, 12, 10] for these systems was established thanks to the method of characteristics, while in higher dimensions this powerful method is no longer effective. In 1985, by using averaged quantities, T. C. Sideris [17] proved that there exist smooth initial data, such that the classical global solution to 3D compressible Euler equation is non-existent. His paper included two results, one for large initial data while another for small data. After that, the large data results were extended to relativistic fluid [5] , Euler-Poisson equation [13, 14] , Euler-Maxwell equation [5] , magnetohydrodynamics [15, 16] , elastodynamics [18] etc. Later, for small initial data, S. Alinhac [2, 3] and D. Christodoulou [4] presented more complete description of singularity in dimensions of two and three respectively. Although their tools are effective for Euler equation, it seems that there still exist some serious difficulties to employ these approaches to elastodynamics and magnetohydrodynamics.
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In this paper, we introduce a special test function different from [17] to consider formation of singularities for Euler equations, elastodynamics and magnetohydrodynamics with small initial data. Our results show that the classical solutions to these systems have to break down in finite time. Under spherical symmetric assumption, F. John [7] proved 3D compressible elastodynamics classical solution could break down in finite time even if the initial data is small enough. But for asymmetric case, there are only results under certain large data assumptions, our proof gives some small-initial-data results for this case. Besides, the natural structure of our test function makes our calculation much simpler. This paper is organized as follows: In Section 2, we introduce our test function and give an ode lemma . Section 3 includes our main theorems, which indicates the blow-up results for Euler equation, elastodynamics and magnetohydrodynamics respectively.
Test function
Definite test function F (x), x ∈ R n as follows:
we can conclude that:
the property (i) and (ii) means F (x) is positive and symmetric, while (iii) points out the growth of this function. The first two properties are obvious and the proof of (iii) can be found in [11] .
Then, we need to introduce an ode lemma which will be frequently used in this paper:
Lemma 2.1. Let X(t) be a smooth function satisfies the following inequalities:
with initial data X(0) + X ′ (0) = εx 0 ≥ 0 is small enough, then X(t) will blow up in finite time. Furthermore, the lifespan of X(t) is:
Proof. Without loss of generality, we consider R 0 = 1, n = 3 only. Take X(t) = e t Z(t), the inequality becomes:
Next, let t + 1 = e τ , or τ = ln(t + 1), then:
and
Multiply the inequality (2.8) by χ 4 ( τ T ) and integration from 0 to T:
After that, using integration by parts, notice that χ(1) = 0, χ ′ (0) = 0, we have:
By Cauchy-Schwartz inequality, since χ(τ ), χ ′ (τ ) is bounded, get:
And t + 1 = τ , so the life span of X(t) is e Cǫ −1 , X(t) will blow up in finite time. The case n = 1, 2 can be treated in a similar way.
Main results

Compressible Euler equation.
First of all, we give a different proof of Sideris' theorem by using our test function F (x). The following Euler equation represents the state of the inviscid compressible flow in three dimensions:
where ρ, u and p are density, velocity and pressure. Without loss of generality, we can assume p(ρ) = 1 2 ρ 2 , then the speed of sound c 2 = p ′ (ρ) = ρ. Besides, the initial data u 0 (x), ρ 0 (x) satisfies:
For the convenience, always take R 0 = 1.
If the initial data satisfies:
Proof. Multiply (3.1) by e ω·x and integration by parts to get:
Next, multiply (3.1) by e ω·x ω, get:
If we take:
then from (3.2), (3.4) and (3.5) the relation between X(t) and Y(t) follows:
By Hölder inequality:
that is:
Since:
Finally, we can get an ordinary differential inequality:
Thus, from lemma 2.1, we complete the proof of theorem (3.1).
Remark 3.1. We can give another simpler proof of this theorem. In fact, decompose
, the compressible Euler equations becomes:
For simplicity, take d=1. Follow the same steps, let F(y), X(t), Y(t) be:
F (y) = e y + e −y , (3.14)
respectively, then integration by parts,since that:
Then, we can get the similar inequality:
When 1 ≤ n ≤ 3, with appropriate small initial data, X(t) blows up in finite time.
Furthermore, if there is viscosity in z direction only, this method can still work. 
where
Ω is a bounded domain. If the initial data of this system satisfies:
Besides, w satisfies Dirichlet boundary condition:
Then if the initial data satisfies:
the classical solution to the equation above blows up in finite time.
Proof. Again, let us define F (y), X(t), Y (t) :
(ρ(t, y, z) − 1)e ω·y dωdydz, (3.23)
Multiply e ω·y and e ω·y ω to the first two equations, integrate ω, y, z. Thanks to the Dirichlet boundary condition w(y, z)| z∈∂Ω = 0, all the boundary term disappear, we can get the ordinary differential inequality as usual:
e t (t + 1)
Therefore, for initial data (3.21), classical solution still blows up in finite time.
Compressible elastodynamics.
We consider the displacement of an isotropic, homogeneous, hyperelastic material, set Lagrange function as follows:
In this definition, u represents the displacement from the reference configuration while W (∇u) means stored energy function. Since material is isotropic, that is:
Using Hamilton's principle, the corresponding Euler-Lagrange equation is:
Ignore cubic and higher order terms, the motion for these materials can be described by:
In which the material constants c 1 , c 2 (c 1 > c 2 > 0) correspond to the propagation speeds of longitudinal and transverse waves, and F is nonlinear term, without loss of generality, always assume c 1 = 1.
For three dimensional isotropic hyperelastic, we can expand nonlinear term explicitly (see [1] ):
Take the initial data: 
where λ >> 1 is a constant. Then with the following initial data:
the classical solution to this equation will blow up in finite time and the life-span is e
Cε −1 , C depends on λ.
Proof. Multiply equation (3.30) by e ω·x ω i , sum over i and integration in R 3 × S 2 :
FORMATION OF FINITE-TIME SINGULARITIES FOR NONLINEAR ELASTODYNAMICS WITH SMALL INITIAL DISTURBANC
Substitute the expansion form of F, the last term in (3.38) becomes:
In fact, ∇ × (ωe ω·x ) = 0, (3.42) disappears. Then by calculation, we have the following identity:
(3.45) means that: the L 2 norm of ∇u with weight e ω·x can be controled by the same norm of ∇ · u, ∇ × u, u · ω with the same weight. Since ∇ · u and ∇ × u appear in (3.40) (3.41), in order to control u · ω, we need to consider (3.43 
, deal with these integration in detil:
That is:
Another term can be calculated in similar way:
Using (3.36), for Q 1 (u, ∂u):
As for Q 2 (u, ∂u):
Combine (3.39)-(3.45),(3.48),(3.49), we can get eventually:
Substitute (3.50) into (3.38) :
This inequality can be transformed into:
Same argument tells us: With initial data (3.37), X(t) will blow in finite time. 3.3. Magnetohydrodynamics. 3D ideal magnetohydrodynamic can be written as follows:
Consider 2D magnetohydrodynamics with special vertical magnetic field ,that is:
above-mentioned equations can be reduced to:
Take the initial data as: Multiply e ω·x and e ω·x ω to the first two equations of (3.55). Then: 
Still let F(x), X(t), Y(t) be: By Lemma(2.1) we conclude that X(t) will blow up in finite time, which implies the conclusion of the theorem.
